We perform coagulation and fragmentation simulations using the new physically-motivated model by Garaud et al. 2013 to determine growth locally in brown dwarf disks. We show that large grains can grow and that if brown dwarf disks are scaled down versions of T Tauri disks (in terms of stellar mass, disk mass and disk radius) growth at an equivalent location with respect to the disk truncation radius can occur to the same size in both disks. We show that similar growth occurs because the collisional timescales in the two disks are comparable. Our model may therefore potentially explain the recent observations of grain growth to millimetre sizes in brown dwarf disks, as seen in T Tauri disks.
INTRODUCTION
Recent observations of brown dwarf disks suggest that grains may grow in such disks, just as in T Tauri disks. In addition, there are suggestions that the former may be scaled-down versions of the latter: Apai et al. 2004 presented mid-infrared observations of the disk around CFHT-BD-Tau 4 and concluded that intermediate-sized (≈ 2µm) dust grains dominated the disk atmosphere, suggesting that the initial phase of grain growth had occurred. Grain growth, and the resulting midplane settling that follows, naturally explains why brown dwarf disks do not appear to be as flared as expected from disk models in vertical hydrostatic equilibrium with gas and dust being well-mixed (e.g. Apai et al. 2004; Walker et al. 2004) . Apai et al. 2005 obtained mid-infrared spectra of six brown dwarf disks and showed broad emission features indicating the presence of larger grains (≈ O(1)µm). They also suggested that dust processing is independent of stellar properties and suggested that the first steps of planet formation in brown dwarf disks is similar or identical to that around low-and intermediate-mass stars. Klein et al. 2003 performed a millimetre survey of disks around brown dwarfs and obtained a range of masses for the disks around CFHT-BD-Tau 4 and IC 348 613. Though there were some uncertainties in the disk and brown dwarf masses, they suggested that the disk to primary mass ratios were consistent with the equivalent in a T Tauri star-disk system. Scholz et al 2006 performed a millimetre survey of brown dwarf disks in Taurus. Combined with midElectronic address: farzana.meru@phys.ethz.ch infrared data they suggested that brown dwarfs seem to have disks which are scaled down versions of T Tauri disks. Furthermore, Mohanty et al. 2013 performed SCUBA-2 850 µm observations of disks around very low mass stars and brown dwarfs in Taurus and the TW Hydrae Association and showed that the apparent disk to star mass ratio was roughly constant.
Recently, observations of large-sized objects (mm-sized or larger) in brown dwarf disks (Bouy et al. 2008; Ricci et al. 2012; Ricci et al. 2013; Mohanty et al. 2013 ) are questioning how growth in such disks occurs. However, the theory of grain growth in brown dwarf disks and how similar it is to that in T Tauri disks has lagged behind observations. Pinilla et al. 2013 performed coagulation and fragmentation simulations to determine under what conditions growth may occur in brown dwarf disks. They found that a particular combination of disk and collision parameters (surface mass density profile, disk outer radius, fragmentation velocity and turbulence parameter) was needed to match the observables (flux and spectral index at millimetre wavelengths) in the case where the radial drift velocity and radial motion was not considered, as well as when radial drift was included (though in this case pressure inhomogeneities of a particular strength were also needed).
Here we take a more general approach towards understanding growth in such disks focussing on how this compares to growth in T Tauri disks, with the latter being scaled-up versions of the former. We use a new physically-motivated approach developed by Garaud et al. 2013. While this model uses a probability distribution function (PDF) for the velocity of the dust aggregates (a technique also used by Okuzumi et al. 2011; Galvagni et al. 2011; Windmark et al 2012b) , this approach crucially separates the velocity contributions into deterministic (those that are directional, i.e. radial drift, azimuthal drift and vertical settling) and stochastic (those that do not have a set direction, i.e. turbulence and Brownian motion) components.
We show that growth may potentially occur in brown dwarf disks simply by considering that a particle may have a distribution of velocities and the fact that collisions between low and high mass aggregates can withstand destruction better than collisions between equalmass aggregates. We also show that growth in brown dwarf disks can in principle occur to the same sizes as in T Tauri disks, consistent with recent observations. We describe our method in Section 2. We then present our simulations and results in Section 3. Finally, we discuss our results and present our conclusions in Sections 4 and 5, respectively.
METHOD
We use the model developed by Garaud et al. 2013 which simulates the local coagulation and fragmentation of dust aggregates to determine the evolution of the particle size distribution function using the Smoluchowski equation (Smoluchowski 1916; Melzak 1957) . The key feature compared to previous models is that not only is a particle's velocity modelled using a PDF, but crucially, the deterministic (i.e. directional) and stochastic (i.e. non-directional) velocities are separated.
This method uses a one-dimensional Gaussian distribution of velocities for each particle in each direction with a mean given by the directional velocities (radial drift, azimuthal drift or vertical settling) and the standard deviation determined by the stochastic components (turbulence and Brownian motion). The one-dimensional PDF of the relative velocity between two particles in any one direction is determined (equation 24 of Garaud et al. 2013 ) and used to produce a three-dimensional velocity PDF (equation 26 of Garaud et al. 2013) .
We assume that collisions with velocities lower than the bouncing velocity, v b , result in sticking while those with velocities higher than the fragmentation velocity, v f , break apart if their mass ratio is smaller than a particular value (called the Mass Transfer parameter) and coagulate if it is larger. Physically this means that collisions between unequal-sized aggregates are more likely to lead to growth while equal-sized aggregates are more likely to fragment -a result shown by laboratory experiments (Wurm et al. 2005; ) and simulations (Meru et al, submitted) . To easily compare with previous work (Windmark et al 2012b; Garaud et al. 2013) we choose v b = 5cm/s and v f = 100cm/s. For collisions with velocities v b < v < v f , the aggregates bounce. The particle volume density is 1g/cm 3 The minimum and maximum sizes in our simulations are 1 × 10 −5 and 1 × 10 5 cm, respectively, and we use 120 logarithmically-spaced size bins (i.e. 12 bins per decade in size or equivalently, 4 bins per decade in mass). The initial particle distribution is a Gaussian centred around a size of 1 × 10 −4 cm with a width of 1 × 10 −5 cm.
The simulations are evolved until the largest particle size reaches a steady-state. The orbital time for the T Tauri disk is ≈ 3.5 times longer than for the brown dwarf disk (at equivalent locations with respect to the truncation radius). Therefore, these simulations have been run for 3.5 times longer.
We note that a number of numerical aspects can affect the number density of particles at a given size, the maximum particle size or the evolution of the number density distribution, including the resolution (Garaud et al. 2013) , the minimum particle size and the initial distribution. Therefore, in this Letter we focus on the qualitative comparison of the final surface density distribution in brown dwarf and T Tauri disks.
SIMULATIONS & RESULTS
We perform local simulations with brown dwarf disk parameters guided by the observational data from Ricci et al. 2012 . We determine the growth of aggregates at radii R = 2, 5 and 10au from the star with mass M ⋆ = 60M Jup . The disk surface mass density has the form
where M disk = 4 × 10 −4 M ⊙ is the disk mass, R t = 15au is the truncation radius (the radius beyond which the surface mass density rapidly drops off), and the sound speed is given by c s = c s,au R 1au
where c s,au = 6.5 × 10 4 cm/s is the sound speed at 1au. This is equivalent to temperatures of 83, 52 and 37 K at R = 2, 5 and 10au, respectively. We assume a Shakura & Sunyaev 1973 type α-viscosity with a turbulence parameter α = 1 × 10 −4 and Reynolds number Re = 10 8 (as in Garaud et al. 2013 and Windmark et al 2012b) . We use a mass transfer parameter, φ = 500 (note that this is 10 times larger and hence a stricter condition for growth than used previously by Garaud et al. 2013 and Windmark et al 2012b) .
The T Tauri disk is set up to surround a 1M ⊙ star and has the same disk to star mass ratio as the brown dwarf disk. We set the truncation radius (R t = 90au) according to M disk ∝ R 1.6 t , a relation determined observationally by Andrews et al. 2010 for T Tauri disks in Ophiuchus. Therefore our simulated T Tauri disk is a "scaled-up" version of the brown dwarf disk in terms of the stellar mass, disk mass and disk radius. The disk has the same surface mass density and temperature profiles as the brown dwarf disk and the same absolute temperature at 1au (though we perform a test to illustrate the limited effect of temperature on the growth). The simulations are performed at R = 12, 30 and 60au, i.e. 2/15, 1/3 and 2/3 of the distance to the truncation radius, as simulated in the brown dwarf disk.
The existence of Mass Transfer causes two particle populations to emerge (Windmark et al. 2012a; Garaud et al. 2013) . These characteristic graphs consist of a small size population and a second population of larger-sized aggregates, resulting in two peaks in the distribution (Figure 1, top panel) . We define the maximum size to be the largest size before the surface mass density of aggregates drops off completely, i.e. the second peak in the distribution. Figure 1 (top panel) shows that growth occurs to roughly the same size (in both populations) in the brown dwarf and T Tauri disks (at the same radial location with respect to the truncation radius). This occurs because the estimates of the collisional timescales in units of the orbital timescales, t coll,ij /t orb , are reasonably similar for the sizes that these aggregates grow to (Figure 1,  lower panel) . The coagulation and fragmentation kernels (given by K ij and F ij , respectively) describe the rate at which particles of size i and j will collide and coagulate or fragment, respectively. The collisional timescale is related to the kernels by:
where Ω = GM ⋆ /R 3 is the angular frequency, N is the number density of particles and H = c s /Ω is the disk scaleheight. Note that since N changes with time, the latter proportionality uses the disk surface mass density and scaleheight as a proxy for the number density. Analytically, one can show that the collisional timescales are similar at the same location with respect to the truncation radius in both disks. Using the aforementioned definitions for the scaleheight and the angular frequency, the observational relation M disk ∝ R 1.6 t (Andrews et al. 2010 ) and equations 1, 2 and 3, we obtain
Hence, for any given disk location with respect to the outer radius, the collisional timescale has only a very weak dependence on the disk truncation radius and depends mainly on the collision kernels. The collision kernels are goverened by the deterministic and stochastic velocities which are similar in both disks: for most of the relevant parameter space -i.e. particle sizes up to ≈ 10 2 cm -the difference is less than an order of magnitude. The stochastic velocities (equations 13, 19 and 29 of Garaud et al. 2013 ) depend on the local sound speed and Stokes number (or equivalently, the surface mass density). Using equations 1 and 2, the ratios of the sound speeds and surface mass densities at equivalent locations in the brown dwarf and T Tauri disks are c s,BD /c s,TT ≈ 1.6 and Σ BD /Σ TT ≈ 2.3, respectively. The deterministic velocities (equations 14, 16 and 18 of Garaud et al. 2013 ) depend on the Stokes number, the sound speed, the radial gas velocity, u g (equation 41 of Garaud et al. 2013) , and ηv k , where η describes the deviation of the azimuthal gas velocity from the local Keplerian velocity, v k = RΩ. Using Section 4.1 of Garaud et al. 2013 , one can show that ηv k ∝ c 2 s /(RΩ) and that the ratio of this term at equivalent locations in the two disks is (ηv k ) BD /(ηv k ) TT ≈ 2.7. In addition, the ratio of the radial gas velocity at equivalent locations is u g,BD /u g,TT ≈ 4.2. Furthermore, Figure 2 shows the Stokes number (which affects the collisional dynamics since it affects all the velocities except that due to Brownian motion) against particle size for the brown dwarf disk at 10au and the T Tauri disk at 60au, and shows that these are within a factor of ≈ 2 of each other. Therefore, the factors that influence the deterministic and stochastic velocities are of order unity, thus indicating why the velocities are similar in both disks. Consequently, the collisional timescales (in units of the orbital timescales) are similar, resulting in growth to similar maximum sizes in both disks. The above results indicate that similarsized particle distributions can exist in both T Tauri and brown dwarf disks if the latter are indeed smaller analogues of the former (which is the way these disks are set up).
Note the slight difference between the collisional timescales in the two discs, particularly for collisions between very small or very large particles (Figure 1, lower  panel) . This discrepancy arises because the disk properties and hence collision velocities, though very similar, are not exactly the same. The coagulation and fragmentation kernels are proportional to the mean sticking (ǭ s ij ) and fragmentation (ǭ f ij ) probabilities, respectively (equation 9 of Garaud et al. 2013) , the sum of which describe the probability that the collision results in an outcome other than bouncing. The slightly different disk properties mean that the bouncing probability in the two disks will be slightly different for a collision between any two particle sizes because the collision velocities are not exactly the same. This naturally leads to differences and hence an oscillation in the ratio of the collisional timescales.
We note that the simple formula for the collision timescale that is frequently used (i.e. t coll,ij ∝ 1/(ΣΩ)) may not necessarily predict the location at which growth will proceed to similar sizes in T Tauri and brown dwarf disks because it does not consider the local velocities that determine the complex collisional kernels (equations 32-34 of Garaud et al. 2013) . Using the collision timescale of this simple form, the growth at 10au in the brown dwarf disk would be expected to be similar to that at 37au in our T Tauri disk as opposed to the 60au that we simulate. However, the growth at 37au in the T Tauri disk does not match that in the brown dwarf disk at 10au: the position of the first peak of the surface mass density as a function of particle size -i.e. the characteristic size of the first particle population -is different. In contrast, our method of considering grain growth at the same radial location with respect to the truncation radius yields results that are similar in both disks for both populations.
DISCUSSION
Our results suggest that growth can proceed to similar sizes at equivalent locations with respect to the truncation radii in brown dwarf and T Tauri disks if the former are scaled-down versions of the latter. This also suggests that the proportion of mass at any one particular size may well be similar. If brown dwarf disks are indeed smaller versions of T Tauri disks our results suggest that the slope of the millimetre wavelength flux (when considering the total flux) may be expected to be the same in both disks. This is supported by recent observations of brown dwarf disks which indicate that Figure 1 . Surface mass density (top panel) of aggregates against particle size for the brown dwarf (solid line) and T Tauri disks (dotted line) at radii of 2/15 (left panel), 1/3 (middle panel) and 2/3 (right panel) of the distance to the truncation radius. In the brown dwarf disk these are equivalent to 2au, 5au and 10au, respectively, and 12au, 30au and 60au, respectively, in the T Tauri disk. The lower panel shows the ratio of the collisional timescales (in units of the orbital timescales) of the simulations in the panels above. Growth at equivalent locations in the two disks occurs to the same size because the collisional timescales are similar. grain growth occurs to at least millimetre-sizes, similar to T Tauri disks (Bouy et al. 2008; Ricci et al. 2012; Ricci et al. 2013; Mohanty et al. 2013) . Furthermore, if brown dwarf disks are scaled-down versions of T Tauri disks, spatially resolved brown dwarf disks may be ex- Figure 3 . The radial drift velocities in the brown dwarf disk at 10au (solid line) and the T Tauri disk at 60au (dotted line) are similar for small particle sizes (within a factor of ≈ 2) but deviate at larger sizes (by up to a factor of ≈ 10).
pected to have spectral indices that change in similar ways to T Tauri disks -just on a smaller scale.
The radial velocities of dust aggregates in brown dwarf disks are expected to be larger than in T Tauri disks since (i) these are inversely proportional to the Keplerian ve- locity and hence increase with decreasing stellar mass, and (ii) for coupled particles (relevant for the start of dust growth) these increase with decreasing disk mass. Therefore it is expected that grains will be lost into the central star. Comparing the brown dwarf disk at 10au with the T Tauri disk at 60au, Figure 3 shows that the radial drift velocities are reasonably similar for small particles (within a factor of two). Our model shows that growth is possible though we do not consider the radial flux of particles. However, as yet, the importance of radial flux when considering the velocity PDFs of particles has not been explored so it is unclear what impact this would have on the loss of particles and hence the local grain size distribution -especially for larger sizes since this is where the radial velocities between the two disks deviate the most. For an accurate view of whether particles will grow quickly beyond the radial drift barrier, such simulations should be performed. In principle, if particles can grow sufficiently fast and overcome the radial drift barrier, we show that growth in brown dwarf disks may occur in similar ways to that in T Tauri disks if the former are scaled-down versions of the latter. However, since the resolution has previously been shown to affect the growth timescales (Garaud et al. 2013 ) it is not possible to estimate if grains can grow past the radial drift barrier quickly enough. Therefore our results show that in principle growth in brown dwarf disks can occur to similar sizes as in T Tauri disks.
Furthermore, since growth occurs to similar sizes due to similar collisional timescales, if the outcome of one simulation is known, the estimates of the ratio of the collision timescales of the simulations may predict how growth will proceed in another simulation.
To easily understand the effects of certain parameters on a many parameter problem, we use the same sound speed at 1au in both disks. However, since we expect T Tauri disks to be hotter than brown dwarf disks at any one radius, we show the effects of increasing the sound speed at 1au to c s,au = 1.0 × 10 5 cm/s (i.e. as used by Garaud et al. 2013 and Windmark et al 2012b when simulating growth with T Tauri disk parameters). Figure 4 shows that while growth is hindered in the first particle population, the maximum size is unaffected.
Finally, it has been suggested that growth may occur in brown dwarf disks (with particular disk conditions) if pressure inhomogeneities are present (Pinilla et al. 2013) . Our results show the potential for growth to occur even without the presence of these.
CONCLUSIONS
We perform coagulation and fragmentation simulations of dust growth in brown dwarf disks and show that growth occurs to large sizes. We show that if brown dwarf disks are scaled-down versions of T Tauri disks (in terms of the stellar mass, disk mass and disk radius) growth can potentially occur up to similar sizes as in T Tauri disks at the same location relative to the disk truncation radius.
Recent observational results have shown that grain growth in brown dwarf disks can indeed occur up to millimetre-sizes, as observed in T Tauri disks. In a first step, we show that our model has the potential to grow grains to large sizes in brown dwarf disks, in agreement with these recent observational findings.
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